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ON CONVERGENCE TO A FOOTBALL 


HAO FANG AND MIJIA LAI 

Abstract. We show that spheres of positive constant curvature 
with n (n > 3) conic points converge to a sphere of positive con¬ 
stant curvature with two conic points (or called an (American) 
football) in Gromov-Hausdorff topology when the corresponding 
singular divisors converge to a critical divisor in the sense of Troy¬ 
anov. 

We prove this convergence in two different ways. Geometri¬ 
cally, the convergence follows from Luo-Tian’s explicit description 
of conic spheres as boundaries of convex polytopes in S 3 . Analyt¬ 
ically, regarding the conformal factors as the singular solutions to 
the corresponding PDE, we derive the required a priori estimates 
and convergence result after proper reparametrization. 


1. Introduction 

We study convergence properties of metrics on Riemann surface with 
conical singularities. It has been an old topic and been first studied as 
early as in 1905 by Picard [Fj, when he was considering the uniformiza- 
tion problem for Riemann surfaces with branched points. In the 1990s, 
the prescribing curvature problem on Riemann surface with conic sin¬ 
gularities was studied by several authors i XTc. ITr, [LT, iCLl . CL 2 j. In 
higher dimensions, the Kahler metric with cone singularities along a 
divisor was first considered by Tian cm. Recent progress on the study 
of Kahler-Einstein metrics on Fano manifolds has brought up renewed 
interests in such conical metrics 0- 

We first start with some definitions. 

For a compact closed Riemann surface S , a metric g is said to have a 
conic singularity of order /3 e (—1, oo) at p, if under a local holomorphic 
coordinate centered at p, 

g = e^\z\^\dz\\ 

where f(z ) is continuous and C 2 away from p. 

The singularity is modeled on the Euclidean cone: C with the metric 
\z\W\dz \ 2 is isometric to a Euclidean cone of cone angle 2n(f3 + 1). In 
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general, we use the triple (S,g,D), where D = Y^i=\PiPii t° denote a 
Riemann surface S endowed with a metric g with conic singularities at 
each pi of order (3 t . 

Let K = K(g) be the Gaussian curvature of g where it is smooth. 
If we denote \D\ = ^” =1 /3*, the Gauss-Bonnet formula for the conic 
surface (S,g,D) becomes 



where 


X(S,D) := X +\D\ 

can be interpreted as the Euler characteristic number for the conic 
surface (S,D). 

Troyanov |Tr| systematically studies the prescribing curvature prob¬ 
lem on conic surfaces. He divides the problem, according to the Euler 
characteristic, to the following cases: 

1. negative case: x(S,D) < 0; 

2. zero case: x(S,D) = 0; 

3. positive case: y(S', D) > 0; 

3.a subcritical case: y(5', D) < min{2, 2 + 2 min, /3*}; 

3.b critical case: x(S, D) = min{2, 2 + 2 min* /?*}; 

3.c supercritical case : x(S,D) > min{2, 2 + 2 min* /3*}. 

It turns out that cases 1, 2, and 3.a are parallel to the corresponding 
cases in the prescribing curvature problem on a smooth surface as the 
corresponding functionals are coercive; while cases 3.b and 3.c are more 
delicate. We refer the reader to [ BDM , 1CL1 , [El ILZ] for interesting 
works. 

For the Yarnabe problem on surfaces with the conic singularity, 
where we prescribe the constant curvature, the answer is more com¬ 
plete. Without loss of generality, we assume that S is orientable. If 
x(S, D ) < 0, it has been shown [Tr] that there always admits a conic 
metric with constant curvature, unique up to scaling. For y (S', D ) > 0, 
S would necessarily be S 2 , if in addition fa G (—1, 0), then S admits a 
conic metric of positive constant curvature if and only if : 


• n = 2, /3i = (3 2 ; 

• n > 3, x{S, (3) < min{2, 2 + 2 miry /%}. 


Note that surfaces in the first class are often called (American) foot¬ 
balls, and they belong to the critical case. In jCL2j . it has been shown 
a conic metric of positive constant curvature on S 2 in the critical case 
is necessarily a football. For the second class, the sufficiency is proved 
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by Troyanov ra, the necessity and uniqueness argument is due to 
Luo-Tian jLTj . 

Recently, there are renewed interests on metrics with conic singu¬ 
larities in the study of Kahler geometry, namely the Kahler-Einstein 
metrics with cone singularity along a divisor. Conic metrics of con¬ 
stant curvature on Riemann surfaces are just one-dimensional exam¬ 
ples of Kahler-Einstein metrics with cone singularity along a divisor. 
In higher dimension, for the existence of Kahler-Einstein metrics with 
cone singularities, Troyanov’s condition can be generalized to the co- 
ercivity of twisted Mabuchi it-energy functional [JMRj . which can be 
reinterpreted as the pair ( S,D ) being logarithmically K-stable | RT j. 
The smooth version of this connection between algebraic stability and 
existence of Kahler-Einstein metrics on Fano manifolds is the essence 
of the recently solved Yau-Tian-Donaldson conjecture (CDSll 1CDS21 


ICDS81IT2] . 


From this point of view, Troyanov’s classification can be understood 
as the stability conditions. The subcritical pairs and critical pairs can 
be viewed as being stable and semi-stable respectively; while the super¬ 
critical pairs are considered being unstable. While there exist metrics 
with constant curvature on stable and semi-stable pairs with two conic 
points; the canonical metric problem for unstable pairs have less defi¬ 
nite answers. One candidate of the canonical metrics on unstable pairs 
can be conical gradient shrinking Ricci solitons with two conic points. 
This is verified in the recent preprints |PSSWll IPSSW2] via the Ricci 
flow. See |Y 11 V2l :MRS j for previous works on the Ricci flow on conic 


surfaces. 


In this note, we investigate from another perspective. We consider 
the moduli space of all conic spheres with constant curvature 1, which 
we call AT According to numbers of the conic points on the sphere, Af 
has complicated topology with components with varying dimensions. 
Algebraically, A4 can be separated as stable and semi-stable parts. 
Fix any smooth metric g' on the 2-sphere. For a sequence of divisors 
A = Ya =i Pi,iPi,h l = 1, 2, • • • , we write 


n 



2=1 


if for each 1 < i < n, we have lim^oo/A = /% and Pi.i = Pi 

with respect to g'. Obviously this definition is independent of choice 
of g'. 

We show that any sequence of spheres of positive constant curvature 
with n (n > 3) conic points passing from stable case to semi-stable case 
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converge to a football in Gromov-Hausdorff topology. Geometrically, 
all but one conic points will merge into a single conic point of the limit 
football. The same phenomenon occurs for the Ricci flow on semi- 
stable conic spheres |PSSWlj . Following the method of Luo-Tian [[LT |. 
we have the following 

Theorem 1.1. Let ( S 2 ,gi,Di = Y^i=\ P%,iPi,i) be a sequence of Rie- 
mann spheres with conic metric of constant curvature K = 1. Sup¬ 
pose Di —$■ D = EILi fiiPi, which is a divisor belonging to the critical 
case. Suppose /3\ = min, /%. Then a subsequence of (S 2 ,gi) converges 
in the Gromov-Hausdorff topology to (S 2 ,g,D'), the unique football of 
constant curvature K = 1 with D’ = fipp + j3\q. Moreover, suppose 
Pij < • ■ ■ < f3 n j, then the corresponding conic points converge in the 
following fashion: 

lim pi^i = p and lim p iy i = q, for i > 2. 

l—t oo ’ l —>-oo ’ 

To understand this convergence phenomenon in an analytical way, 
we investigate the problem in the conformal geometrical setting. 

Let go be the standard Euclidean metric. Under the stereographic 
projection, a conformal metric g = e 2u go is of constant curvature 1 and 
represents ( S 2 ,g,D = ffpf if and only if u satisfies the equation 

Am = -e 2 ", zeC\{zi,--, 4 }, (1.1) 

with the asymptotic behavior of u near z* being: 

• u ~ (3i In | z — Zi\ as z —* zp, 

• u ~ — 2 In \z\ as \z\ —> oo. 

Notice that u is uniquely associated to a conic metric up to conformal 
transformations. Our main result is the following 

Theorem 1.2. Let ui be functions on C* representing gi given in The¬ 
orem Q Under proper normalization, there exist two distinct points 
p, q G C* such that a subsequence of ui converges to on any compact 
set K cC*\ { p , q] with e 2u °°go on C* — { p , q} representing a football. 

The standard stereographic projection gives a unique correspondence 
of metrics on sphere and a conformal factor function on C* up to a 
Mobius transformation. This large conformal transformation group 
poses analytical difficulty, namely a proper conformal gauge must be 
chosen properly so that the resulting limit for the conformal factors 
exists and is non-trivial. 

Our main approach is to explore the rotational symmetry of the foot¬ 
ball solution. This was examined in [CL2j when a single manifold with 
conic singularities is considered. Especially, level sets of the conformal 
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factor are considered and isoperimetric inequality plays a crucial role. 
For our set-up, we follow a similar but more delicate approach. We 
would like to consider the level sets of each conformal factor ui and an¬ 
alyze the isoperimetric defect more carefully. Consequently, our choice 
of normalization is also connected to the level sets. See Sect.3 for more 
details. 

While the method applied in this article heavily relies on the rota¬ 
tional symmetry of football solutions, it is a perfect example highlight¬ 
ing the equivalence of different convergence concepts on the moduli 
space of constant curvature metrics with conic singularities. Several 
set-up for higher dimensions can be considered from both Kahler ge¬ 
ometry and conformal geometry points of views. 

This paper is organized as follows: in Section 2, we provide a proof 
of Theorem 11.11 following mu and in Section 3 we prove Theorem 11.21 
which also leads to an alternative proof of Theorem II.1[ 

Acknowledgements: Both authors would like to thank Jian Song 
and Lihe Wang for discussion. Both authors thank the referee for 
useful comments. Part of the work was done when both authors were 
visiting Beijing International Center for Mathematical Research. We 
are thankful for its hospitality. 


2. Proof of Theorem 11.11 

We adopt the geometric setting of eh and notations therein. By a 
theorem of Alexandrov, each spherical conic metric of constant cur¬ 
vature 1 is isometric to the boundary of a convex polytope in S' 3 . 
There are two degenerate cases: one is the metric doubling of a ” lens”, 
which is a degenerate spherical triangle with length of three sides being 
7 r, 7T, 0; the other one is the metric doubling of a usual spherical trian¬ 
gle. Clearly the former one corresponds to a football (2-conic points) 
and the latter one corresponds to a sphere with three conic points. 

For a convex polytope of n vertices, we denote its angles at vertices by 
(cci, • • • a n ) with each cq £ (0, 27 t). Let V n be the space of all boundaries 
of labeled n-vertex convex polytopes in S 3 modulo isometry, with the 
topology induced by the Hausdorff metric. For each convex polytope 
P, construct a totally geodesic triangulation, then there are exactly 
3(n—2) edges and 2(n—2) triangles. Variation of the length of each edge 
gives rise to distinct convex polytopes (up to isometry). Therefore, the 
dimension of V n is 3(n —2). Meanwhile, denote the conformal structure 
of n-labeled Riemannian sphere by A4 n . Since Mobius transformations 
are 3-transitive, it follows that dim A4 n = 2(n — 3). 
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In jLTj , Luo-Tian show that there exists a conic metric on S 2 of 

k 

positive constant curvature representing D = ftiVi, (k > 3), if and 

2=1 

only if the corresponding cone angles cq = 27 t( 1 + /?*) satisfy 

n n 

a.i > 2(n — 2)7t, a.i < 2(n — 2)n + 2 min a,. (2.1) 

t=l i=l 

This condition is exactly the same as the subcritical condition of 
Troyanov. It defines a convex open set in M n , which we denote by A. 
The critical case corresponds to the equality 

n 

cq = 27 t(tt, — 2) + 2 min cq. 

2=1 

In addition, Luo-Tian im have proved the following 
Theorem 2.1 (Luo-Tian). The map 

II : P n —> M. n x A, (2.2) 

P —> (conformal structure of P, angles of P at vertices ) 
is a homeomorphism. 

We are now ready to give a proof of Theorem 11.11 

Proof of Theorem M.il As mentioned above, each (S' 2 , gi , D{) is isomet¬ 
ric to the boundary of a convex polytope Pi in S 3 , and satisfies the 
subcritical condition (12.1 ft . By compactness of compact sets in S' 3 with 
respect to the Hausdorff metric, we may assume a subsequence, still 
denoted by Pi, converges to a convex polytope P^. P^ represents a 
conic sphere of positive constant curvature, which is either in the sub¬ 
critical case or the critical case. For the latter, P^ must be a ’lens’. 
By Theorem 12.11 if P ( ' x does not degenerate to a lens, then 

Zloo = lim Di = lim n 2 (P;) = n 2 (Poo) 

l—>oo l—too 

must be in the subcritical case as well, a contradiction. Thus, we 
conclude that P^ is a lens. 

Thus to prove our result, we are left to show that the conic angle of 
the corresponding football is 27r(min i /3 ii00 + 1). Let a i} i = 2ir(/3 it i + 1) 
be the angles of Pi, with corresponding vertices denoted by Vy, i = 
1,2,--- , 77 .. It was shown eh under this situation that there exists k 
such that 

lim d(V kh V l .i) > 0, for i 7 ^ k, 

l—>oo 


(2.3) 
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and 

lim d{y i h V hi ) = 0, for i,j ± k. (2.4) 

l —^OO 

Now consider the triangulation of P\ which consists of 2 (n — 2) 
triangles {A Si ;}s=i 2 \ For each A SjZ we denote its inner angles as 
a] t , ah, a^. Let 14,/ be the vertex as given by (12.31) and (12.41) . For 
triangles A s j which are incident to 14,/, we shall let a\i s be the angles 
at the point 14,/■ For k = 1, 2, 3 and i — 1,2, ■ ■ ■ , 2(n — 2), let 

<00 = lim a^ r 
£—>•00 

When l is converging to 00 , we have two different cases depending on 
whether a triangle is incident to the 14 ,z or not. 

If A Sj i is incident to 14,/, then one side of A s j collapses so A Sj ; con¬ 
verges to a lens. Moreover the corresponding limit angles satisfy 

<00 = <00 + <00 - ( 2 - 5 ) 

If A s i is not incident to 14,/, then all its three vertices merge in the 
limit. Hence limits of its inner angles satisfy 

a ],o o + a f,oo + a j,oo = 77 ■ (2-6) 

Summing relations (j2.5[) and (12. 6 p for all 2{n — 2) triangles, we have 
•Tfc ,00 2(n 2) /i h ^ Q^«,oo- 

i^k 

Comparing with the critical condition, it follows that 

00 min 00 • 

l<i<n 

We have thus finished the proof. □ 

3. Proof of Theorem 11.21 

In this section, we give a proof of Theorem 11.21 Under the stereo¬ 
graphic projection, the conformal factors of positive constant curvature 
metrics are solutions to a semi-linear elliptic equation in the complex 
plane C. We shall study the limit behavior of these solutions. 

More precisely, given a conic sphere ( S 2 ,g,D ), under the stereo¬ 
graphic projection we assume Zi s are the corresponding projection of 
Pi in the complex plane. Let go be the standard Euclidean metric, then 
(i + | 4 1|2)2 <7o is the standard metric 011 S 2 . A conic metric g = e 2u go is of 
constant curvature K = 1 representing D = Y2i= 1 AT/ if an d on ly if u 
satisfies the equation 

An — —e 2u , zeC\{zi,-- , 4 }, 


(3.1) 













HAO FANG AND MIJIA LAI 


with the asymptotic behavior of u near Zi being: 


u ~ /3i In |z — Zi\ as z —> Zi ; 
u ~ —2 In \z\ as \z\ —> oo. 


Note that a conformal factor u a for the football of cone angle — and 
K = 1 can be easily written out by pulling back ■^ppppS'o using the 

map z —» z a , namely e 2Ua go represents a football of cone angle — and 
K = 1, where 


I 2a—2 


e 2Ua = 4 a 2 


(l + \z\ 2a ) 2 ' (3 ' 2) 

For a sequence of conic metrics of constant curvature 1 on S 2 rep¬ 
resenting Di = YJi=i Pi,iPi,i an d lim/^oo D t = D^, we may assume, 
without loss of generality, that miry 0^ = 0yy We also define cq = 
\D{\ - fa = Y ^=2 Pid and “oo = l-Dool - A,*,- Therefore D t being 
subcritical is equivalent to > ccq D^ being critical is equivalent to 

01,oo CIoo- 

For each l, by the conformal description above, and assuming that 
we fix z\j at oo, we have gi = e 2u ‘go where ui is the solution of 


A ui = 


— c 2 “i 


in C \ {- 2 ,n- ■ ■ , Znj} , 


(3.3) 


subject to the asymptotic behavior 

• ui ~ 0j^ In | z — zf* | as z — » z^i for i — 2, • • ■ , n\ 

• ui ~ —(2 + f3\ i ) In \z\ as \z\ —> oo. 

The difficulty of the conformal geometry on sphere lies in the fact 
that the group of conformal transformations is non-compact. Hence 
generically, the sequence of Ui does not have any convergent subse¬ 
quence. Also ui in (13.311 is not unique. In particular, for 

scaling u x '°(z) := u(Xz) + In A; (f) 

translation u 0,K (z) := u(z — k), (f) 


e 2u,X go and e 2 “ K go all represent the same conic metric on the punctured 
sphere as e 2u go- 

To clearly state the normalization we shall choose, we first present 
the main tools of the proof: to study the level sets of ui and apply 
the isoperimetric inequality. While these ideas have been explored 
before [TTL2| . our problem requires more delicate analysis. We also 
refer the reader to where similar ideas and tools are used to treat 
the mean field equation. We would examine the defect of isoperimetric 
inequality carefully under the limit procedure. With the help of the 
proper normalizations, we prove the Ha.usdorff convergence of level 
sets. This convergence leads to a uniform bound of tq on compact sets, 
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which allows us to extract a limit function u 0 Q . Then the isoperimetric 
inequality is applied again to prove that u Q 0 must be radially symmetric 
about some point z 0 . 

For each tq, let Q Ul (t) := {ui > t}, 

A u ‘(t):=[ e 2ui and B Ul {t) = [ 1 = |fi,(t)|. 

Thus A Ul is monotone decreasing and the Gauss-Bonnet formula yields 

[ e 2ui = 27t(2 + \Di\). (3.4) 

J K 2 

It follows that 

lim A Ul (t) = 2vr(2 + |A|) and lim A Ul (t) = 0. 

t^—oo t—yoo 

Under the scaling and translation, we have 
A u i’ K (t) = A?(t- In A). 

We can now state our normalization for all m. Pick a generic real 
number t*, and for each l choose suitable A i and Ki such that 


A uXl ’* 1 (ln(l + /3 li0C )) = tt(2 + |A|) = ^’+- 00 ). (3.5) 

The centroid of Q u l ’ 1 (t*) is at 0. (3.6) 

Here the centroid of a region O C Cis the point( f ^ z ) / (/ n 1) G C. 
From now on, without confusion we write ui for u Xl,Kl and we write 

n l {t) = n^{t), A l {t) = A*'(t), s I (i) = J B tt «(t). 

We can thus restate Theorem 11.21 as the following: 

Theorem 3.1. For a sequence of functions {ui} satisfying 113. Sty , as¬ 
sume that 

A(ln(l + /3i l0O )) = vr(2 + | A|) = ^,(-oo), (3.7) 


The centroid of Qi(t*) is at 0, (3.8) 

where t* G R is a fixed generic point, then ui sub-converges to Uoo in 
Cfff c (C \ {0}), where u aQ is given by 


^2uqo (z) 


4(1 + Pi jC 


;| 2 ^ 


(1 -f- 1^12+2/91^^2 


(3.9) 


Moreover, 


lim = 0, for i > 2. 
/—>00 ’ 
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In view of (13.21) , Theorem 11.11 is an immediate consequence of Theo¬ 
rem o 

In the rest of this section, we present a proof of Theorem 13.11 . 
we take a careful look at f Ifit). In view of the asymptotic behavior 
of ui, 0/(t) is a bounded region for each t, and 



(3.10) 


In general, there are multiple connected components for 0;(t). For 
a regular value t of ui, flfit) consists of finitely many disjoint regions 
bounded by Jordan curves. Each component is simply connected due 
to the maximum principle. 

We now present the following estimate relating the size of level sets 
and the upper bound of the function. 

Lemma 3.2. For a fixed to G K, let Tfit 0 ) be a connected component of 
does not contain any singular point ofui and Hi = max ri ( to ){tq}. 


Fort G [to, Hi], let Tfit) = Qfit) DT i(t 0 ), afit) = f ri(t) e 2u ‘ and bfit) = 


T)(t)|, then we have 


afit) > 47t(1 — e l Hl ). 
Furthermore, for afit) < 2u, we have 

bfit ) > Ane^ Hl (e~ t — e ~ Hl ). 


(3.11) 


(3.12) 


Proof. Since Tfito) does not contain any singularity, a similar compu¬ 
tation of (I3.10P shows 



and afiHi) = 0. 

By the co-area formula, we have 



(3.14) 


and 



(3.15) 
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Hence 


(a/(f) )' = 2 ai(t)a[(t) = -2e 


2 1. 


'em) 


|Vuj 


•9r,(t) 


\X7ui 


(3.16) 


< -2e 


2 ti 


’dr^t) 


l) 2 < —8Tre 2t \Ti(t)\ = —8Tre M b l (t). 


Here we have used Holder’s inequality and the isoperimetric inequality 
for Ti(t): 


IV Ui 




I or t (t) 


|Vwj 


> |^(t)| 2 > 47r|r,(t)|. 


By Fubini’s theorem, we also have 


ai(t) = 


e 2ui = 


= 2 ui 


'm) 


> X\dX 


(3.17) 


(3.18) 


r- H 


|u > t\2e 2t dt 


-H 


= e 2 %(t) + J 2 e 2 %{t)dt. 

Integrating (13.1611 from t to Hi and using (13.181) . we obtain 
- ai{t) 2 < -Anai(t ) + 47t e 2 %(t). 
Combining (j3H6j) and (13.190 . we have 

—ai(t) < —4t — a[(t). 


(3.19) 


(3.20) 


(13. lip then follows from (I3.20p and the fact that ai{H) = 0. When 
ai < 2i r, (13.121) is thus a consequence of (13.111) and (I3.19p . □ 

Remark 3.3. Lemma 1X21 is used later to show the uniform upper bound 
for m on any compact set K which does not contain any singularities 
of ui■ The general form of such estimate has been obtained by Brezis- 
Merle | [EM] . 


Lemma 3.4. Let 


^2+2/?i )00 

Aoo{t) := 471(1 + A,oo) 1 + p2+2/3 lj00 ’ ( 3 ‘ 21 ) 

where p is determined by e 2t = 4(1 + /3i j00 ) 2 ( - 1+ , then under the 

normalization \3.5\ ) . we have 


lim Ai(t) = A^t), Vt G R, 

l—>oo 
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and 


lim Bft) = B^(t) = 7T p 2 

l—> OO 


Proof. We now run a similar argument for level sets including singular 
points. 

Let 

fi(t) := A 2 (t) - (4n + AnafAft) + Aire 2t Bft). (3.22) 

Then 


flit) = -2e 


2 1 


3 2 U t 


lit) JdQi(t) |Vri/| 


+ (47t + 47rcp)e 


2t 




+ 87ie 2t Bi — 47re 2t 


1 


= -2e 


2 ti 


'd ft l(t) 


an t (t) IVm; 
|Vm Z | + 2 . 710 * 1 ) 

1 


1 


+ (47T + 47rcp)e 2t / 

I vmz 

=2e 2t (4 7 r J B* - [ |Vu,| f 

JdQi(t) Jd 


dQi(t) \^ u l\ 

- + 87re 2t Bi - 47re 2t 
1 


Since 


it follows that 


e 2ui dx = 


dQ t (t) 


\X7ui 


r)<«. 


’dSliit) |V«z| 
(3.23) 


2 e Bft)dt < 00 , 


e 2t Bi(t) —> 0, as t —> ± 00 . 


Let Ci = 2tt(2+ \D t \) = lim^.^ Aft), we get 

0 = lim fft) < fft) < lim fft) = C 2 - (47t + AnafCi. 

t—>00 £—>• —OO 

The convergence Di —>■ D implies 

lim C 2 — (47t + AnafCi = lim 2ttCi(/3i i — cp) = 0. 

/—^OO l —^OO 

Therefore, fi converges to 0 uniformly. Moreover f( is integrable with 

lim H//IU 1 = 0. 

L—>00 

Combining (\3.22\i and (j3.23[) we find that Ai satisfies 

1 


AiA[ - (2ttcp)4 - (A 2 - (4vr + 4 t rcp)A) = ^(// - 2/,). (3.24) 

(13. 24(1 can be re-arranged as 

-) A 'i = 1 + , 2 ‘‘ ' „ . (3.25) 


, a 

-r + 


2 

// - fi 


1 f 

2 


Ai 47t( 1 + cp) - A t ‘ 


A;f - 47t(1 + afAf 
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where a = „ a \ 0 and b 

2cx.i-\-Z 

Let 


Qj+ 2 
2cn;+2 ' 


ti = sup{t| liminf 47r(l+a;)— Apt) = 0} and t r = inf{t| liminf Apt) = 0} 

t 1 ti 

Due to (13.7p . we have ti < ln(l + /3 li00 ) < t r . It follows from the 
definition of ti and t r that ~ is uniformly bounded on any 

finite closed interval [r, s] C ( ti,t r ). 

Recall that lim 11//| | j\ = 0, // —>■ 0 in L 1 and we also have fi con- 

l—> OO 

verges uniformly to 0. Hence integrating (13.251) and taking the limit, 
we obtain 

lim lnK(Ml + a,) - A^)\‘ = lim jf 1 + = s -r 

(3.26) 


Notice that lim A;(In(l + Pi j00 )) = 2ir(l + Pi t00 ), from this single point 
Z—> oo _ 

convergence and (13.261) we conclude that Ai has a pointwise limit A <*, 
on ( ti,t r ) which satisfies 


+ 


Hoc 47 t(1 + on) - A c 


-)K> = 1 


(3.27) 


with ^( 111(1 + A, 00 )) = 27t(1 + (3 hoo ). 

By separation of variables, we find the solution of (13.27j) 

^2+2/3i )00 

Aoo(t) = 47t( 1 + ’l.oc) Y“ p2+2/3 hoo ’ (3.28) 

where p is chosen such that e 2t = 4(1 + /di,oo) 2 ^^ 2 + 2^00 p • ^ is easy 
to see that 


lim A^t) = 47t(1 + p loo ) and lim A^t) = 0. (3.29) 

Combining (j3.25j) and (13.291) . it is obvious that (ti,t r ) = (— 00 , 00 ). 
A simple computation which we shall omit here gives the corresponding 
result for Bpt). 

□ 


We now study the isoperimetric defect. Define, for any region 12 C R 2 
with boundary a Jordan curve <912, the isoperimetric defect is 

Z9(f2) := |<9f2| 2 -4 tt|D|. (3.30) 

It is easy to show that D((2) is super additive. This means, if 12 1 and 
D 2 are two disjoint sets in R 2 , 12 = 12 1 U D 2 , we have 
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D(n) > D(n x ) + D(n 2 ). (3.31) 

Furthermore, we have the following 

Lemma 3.5 (Bonnesen’s inequality). For a bounded region C M 2 , 
let r and R be the radii of incircle and circumcircle of Ll, then 

D(Ll) > 7 r 2 (i?-r) 2 ; 

The equality holds if and only if Q is a round disk. 


In view of Bonnesen’s inequality, we can prove 

Lemma 3.6. Let Dft) := D(Llft)) be the isoperimetric defect of the 
level set Lift). Then there exists a subset hcK such that |R\ V\ = 0 
and after passing to a subsequence, 

lim Dft) = 0, Vf G V. (3.32) 

l—loo 

Proof. By (jXgSD and (1X171) . we have 

2e 2t Di(t) < 2e 2t ( j \Vu,\ f —L - 47r|SJ,(()|) <-/,'((). 

JdCli (t) Jdn t (t) I 

(3.33) 

For each fixed to, we then conclude 

/»oo /*oo POO 

2e 2t ° Di(t)dt< / 2 e 2t Bft)dt< / -f[{t)dt = fft 0 ). 

J to j to j to 

Since fft 0 ) —* 0 as l —* oo, we have Dft) converges to 0 in L\ to ^ 
norm, thus after passing to a subsequence Dft) converges to 0 almost 
everywhere for t > to- Repeating the same argument for a sequence of 
ti —)■ —oo and using a diagonal argument, it follows Dft) converges to 0 
almost everywhere on M. Thanks to Sard’s theorem, after disregarding 
critical values for all of tq, we still get the convergence (13.321) almost 
everywhere. □ 

Lemma 3.7. For each t G V, where V is given as in Lemma \3.6\. let 
’Fft) be the connected component of Lift) with largest area. Then 

|E*(t)| -»■ Roo(t), as l y oo, 

|0/(f) \ Fi(t)\ —> 0 and |<9(J2/(£) \ E^(£))| —>• 0, as l —* oo. 

Proof. We prove by contradiction. If for Q) (t) = Fft) and Q 2 (t) = 
Lift) \ Fft) we have 

lim inf |f^(f)| > hi > 0 and lim inf 10^ (t) | > h 2 > 0. 

l—> oo l —^OO 
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Then 

m = (isnjwi + mm 2 - + mm (3.34) 

> 2 -^/47t| (t) | yj An | flf ( t )| > 871 \J hih 2 > 0 , 
a contradiction to Lemma 13.61 

Hence we conclude that there is exactly one component whose area 
tends to B^t), which we denote by E/(t). Moreover, both the area and 
the boundary length of the remaining components must go to zero. □ 


Now take a monotone sequence {L}j S z C V, where V is obtained in 
Lemma 13.61 By Lemma 13.41 and Lemma 13.71 for any 0 < A << 1/2, 
there exists a positive integer L, such that for all l > Li, 


|Sj(*)l 

m)\ 


> 1 - A. 


(3.35) 


Such a £;(£) is thus unique. By a diagonal argument, we may pick a 
subsequence of ui (which we still call u{) and assume that (13.35ft holds 
for all /. Notice that for tj > tj , we have 


£,(L) C E,(tj). 


(3.36) 


We now explain our choice of t* in (13.81) . Without loss of generality, 
let t* = t 0 e V. We have thus the following 


Lemma 3.8. There exists a sequence of descending balls 

-A d3 ri l (pj_i) D B r .(pi) D -B r , +1 (pi + i) D 

with lim ,^_ 00 r* = oo and linij^oo = 0, such that E;(fj) converges in 
Hausdorff distance to B ri (pf). 

Proof. Without loss of generality, assume t* = t 0 . By our choice of 
normalization, the centroid of J 2 /(f 0 ) is the origin, ft thus follows from 
lim^oo Di(t 0 ) = 0 that a subsequence of E;(t 0 ) converges in Hausdorff 

distance to L> r . o ( 0 ) with r 0 = yj ' Bca ^ . 

By (JH^nD, 

Ej(tj) D E z (t 0 ) D E z (fj), for p < t 0 < tj. 

It thus follows that for each fixed p, the centroid of E/(t) is contained 
in a bounded set. Hence the conclusion follows. □ 


Proof of Theorem \3.1[ By passing to a subsequence, we shall assume 
that 

lirn Zu = z ij00 , 

l—> OO 


i > 2, 
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where Zi yOQ is possibly at oo. Also let Zq = fl i& zB ri (pi) be the point 
given by Lemma 13.81 We will show that tq is uniformly bounded on 
any compact subset K cC \ {z 2jOC , • ■ • , z nj00 , z 0 }. For any given e > 0, 
we have thus a uniform L 1 eN such that for any l > Li, 

d(zij, K) > e. 

Clearly, for such a compact set K, there exist r\ > r 3 such that 

K C Br-ip^Br-ipj). 

Hence for a 6 > 0 small enough, we have 

A'cM(B r ,(p t ))\A4(5,fe)), 

where A //(•) stands for the ^-neighborhood. By Lemma [3781 there exists 
L 2 > 0 such that for l > L 2 , 

It follows that 


Ui(x) > tj, for x G K and l > L 2 . 

It remains to show a uniform upper bound for tq. By Lemma 13.71 
for the chosen e, there exists L 3 G N such that for all l > L 3 , any 
connected component of f^(tj) \ E;(C) satisfies 

\Q\ < e/2, \dfl\ < e/2. 

Now for l > max{Li, L 2 , L 3 } large enough, any component of f h{ti) 
containing any singular point will not intersect K. Thus, if T! is a 
connected component of such that K D T! 7 ^ 0, it contains no 

singular point. By Lemma [3.21 we conclude that 

max Ui < — ln(l — ai ^ ) + (3.37) 

Since a;(t,) < Ci and lim;^. 00 C'; = 47t(1 + /3i )00 ) < 47 r, there exists 
L 4 G N such that for all / > L 4 , 

Ci < 4tt + 27r^i i0 o < 4 t r. (3.38) 

Combining (13.37ft and (13.38ft . we thus get a uniform upper bound for 
ui(z) for all z G K and l > max{L 1; L 2 , L 3 , L 4 }. 

In summary, a subsequence of {rq} is uniformly bounded in any 
compact subset K C C \ {zi i00 , ■ ■ ■ , Zn,oo,~o}- bi particular, by the 
standard L p estimates of the Poisson equation (13.3ft . we have 


\\ui\\w 2 -p{k) < C, Wp > 0 . 
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For p > 2, we apply Sobolev’s embedding and classical Schauder’s 
estimate to get 

\Wl\\c°°(K) < C. 

Let Uoo := lim^ooM;, then u a 0 satisfies 

Attoo(^) = -e 2 “°° (2) , for z e C \ {zi )00 , • • • , z n ,oo, A)}- 

It follows that the corresponding A“°° and are just A ^ and B^, 
respectively. In particular, any level set of u 0 0 has vanishing isoperi- 
metric deficit, which means each level set must be a round circle. In 
addition, (13.16(1 being identity shows that |Vmoo| are constants on the 
round circles { x]Uoo(x ) = c}. 

Hence has to be radially symmetric with center Zq, which in turn 
has to be the origin by our normalization (13.81) . Since is unbounded 
in view of B <*,, zq = 0 has to be a singular point of u QQ . 

Henceforth, u 0 0 satisfies 

A Uoo (z) = -e 2u ^ z) , for z e C \ 0. (3.39) 

All solutions to (13.39[) are classified in [CL2j . By direct computation, 
having A^ and B^ match with u Q c ’s, u 0 0 is necessarily given by (13.9[) . 
Finally, we show that 

lim Zij = Zq , for i > 2. (3.40) 

l —>-oo ’ 

Suppose on the contrary, there are some singular points going to oo, 
then there exists L and T, such that for all l > L, t > T, E;(t) contains 
only parts of singular points, say z^j, ■ ■ ■ , Let 

<b = Ai.z +-h Afc.z- 

Applying the analysis of Lemma 13.41 only for the quantity cq(i) : = 

k t (t) e2U1 > we have 

cqa( — {2'Kai)a' l — ( a 2 — (47r + 47rd;)a;) < 0 (3-41) 

hold for t > T and l > L. Since cq > cq, we deduce, by direct 
computation, that 


lim sup a; (t) < A^t), t>T. 

l—> OO 

While for any other component £' of fi;(t), since |£'| —> 0 and e 2ui is 
uniformly integrable, we get 


lim 

l—too 



e 2ui = 0. 


Hence the total contribution to Ai(t) does not converge to A^t), a 
contradiction. □ 
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